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ON 2-MICROLOCAL SPACES WITH ALL EXPONENTS VARIABLE 


ALEXANDRE ALMEIDA* * AND ANTONIO CAETANO 


Abstract. In this paper we study various key properties for 2-microlocal Besov and 
Triebel-Lizorkin spaces with all exponents variable, including the lifting property, em¬ 
beddings and Fourier multipliers. We also clarify and improve some statements recently 
published. 


1. Introduction 

Function spaces with variable integrability already appeared in the work of Orlicz m, 
although the modern development started with the paper |35j of Kovacik and Rakosnlk. 
Corresponding PDE with non-standard growth have been studied approximately since 
the same time. For an overview we refer to the monographs mm and the survey [26]. 
Apart from interesting theoretical investigations, the motivation to study such function 
spaces comes from applications to fluid dynamics [49], image processing HUES ED, PDE 
and the calculus of variations, see for example mmm- 

Some ten years ago, a further step was taken by Almeida and Samko [5] and Gurka, Har- 
julehto and Nekvinda |23 by introducing variable exponent Bessel potential spaces C s ' p F 
(with constant s). As in the classical case, these spaces coincide with the Lebesgue/Sobolev 
spaces for integer s. Later Xu [57] considered Besov B s p ^ q and Triebel-Lizorkin F p ,y q 
spaces with variable p, but fixed q and s. 

In a different context, Leopold [361 EZ] considered Besov type spaces with the smooth¬ 
ness index determined by certain symbols of hypoelliptic pseudo-differential operators. 
Special choices of such symbols lead to spaces Bp[p of variable smoothness. More general 
function spaces with variable smoothness B'p.q and Fp[q were explicitly studied by Besov 
[7], including characterizations by differences. 

More recently all the above mentioned spaces were integrated into larger scales simi¬ 
larly with the full classical Besov and Triebel-Lizorkin scales with constant exponents. 
However, such extension requires all the indices to be variable. Such three-index gen¬ 
eralization was done by Diening, Hasto and Roudenko na for Triebel-Lizorkin spaces 
Fp(-)q( •)’ ail( ^ by Almeida and Hasto |3j for Besov spaces B^ j q( y This full extension led to 
immediate gains, for example with the study of traces where the integrability and smooth¬ 
ness indices interact, see nai, and it also provided an important unification. Indeed, 
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when s G [0, oo) and p G 'P log (M n ') is bounded away from 1 and oo then F*^ 2 = C s ' p ^ 
(US!) are Bessel potential spaces, which in turn are Sobolev spaces if s is integer (0)- On 
the other hand, the variable Besov scale above includes variable order Holder-Zygmund 
spaces as special cases (cf. |3] Theorem 7.2]). 

It happens that the smoothness parameter can be generalized in different directions. 
In the so-called 2-microlocal spaces B™ q and F™ q the smoothness is measured by a certain 
weight sequence w = (wj)j £ ^ 0 , which is rich enough in order to frame spaces with variable 
smoothness and spaces with generalized smoothness (see [19]). The 2-microlocal spaces 
already appeared in the works of Peetre [JH] and Bony [8] • Later Jaffard and Meyer [28] . 
[29], and Levy Vehel and Seuret [38] have also used such spaces in connection with the 
study of regularity properties of functions. Function spaces with constant integrability 
defined by more general microlocal weights were also studied by Andersson [6], Besov |7j, 
Moritoh and Yamada jT2] and Kempka f3Tj . 

The generalization mixing up variable integrability and 2-microlocal weights was done 
by Kempka [32] providing a unification for many function spaces studied so far. However, 
in the case of Besov spaces the fine index q was still kept fixed. 

In this paper we deal with the general Besov and Triebel-Lizorkin scales and 

Fp^ f/ (.) on M n with all exponents variable. After some necessary background material 
(Section [2]), we discuss in Section [3] the characterization in terms of Peetre maximal 
functions (Theorem 13.111 and, as a consequence, the independence of the spaces from the 
admissible system taken (Corollary 13.211 . Although such statements have already been 
presented by Kempka and Vybiral in [33], their proofs contain some unclear points, see 
the details in the discussions after Theorem 13.11 and Corollary 13.31 below. 

In the remaining sections we prove some key properties for both scales y(V) and 
Fp(-) q(-) : the lining property in Section [4j embeddings in Section [5] finally, Fourier mul¬ 
tipliers in Section [HI For other key properties, like atomic and molecular representations 
and Sobolev type embeddings, we refer to our paper [2|. 

We notice that recently in [39] a very general framework was proposed for study¬ 
ing function spaces and proving similar properties for the related spaces. Although the 
framework suggested over there is very general in some aspects, it does not include Besov 
and Triebel-Lizorkin spaces with variable q. This fact is very relevant, since the mixed 
sequences spaces behind do not share some fundamental properties as in the constant 
exponent situation. 


2. Preliminaries 

As usual, we denote by R n the n-dimensional real Euclidean space, N the collection of 
all natural numbers and No = N U {0}. By we denote the lattice of all points in M n 
with integer components. If r is a real number then r + := max{r, 0}. We write B(x,r ) 
for the open ball in M n centered at i G R" with radius r > 0. We use c as a generic 
positive constant, i.e. a constant whose value may change with each appearance. The 
expression / < g means that / < eg for some independent constant c, and f ~ g means 
/ /• 

The notation X Y stands for continuous embeddings from X into Y, where X 
and Y are quasi-normed spaces. If E C M n is a measurable set, then \E\ stands for its 
(Lebesgue) measure and \e denotes its characteristic function. By supp / we denote the 
support of the function /. 
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The set S denotes the usual Schwartz class of infinitely differentiable rapidly decreasing 
complex-valued functions and S' denotes the dual space of tempered distributions. The 
Fourier transform of a tempered distribution / is denoted by / while its inverse transform 
is denoted by / v . 


2.1. Variable exponents. By "P(R n ) we denote the set of all measurable functions 
p : — y (0, oo] (called variable exponents) which are essentially bounded away from 

zero. For E C M n and p G P(M n ) we denote p / = esssup £; p(a:) and p / = ess infs p(x). 
For simplicity we use the abbreviations p + = p^ n and p~ = p^ n . 

The variable exponent Lebesgue space L p p } = L p (.)(M n ) is the class of all (complex or 
extended real-valued) measurable functions / (on M n ) such that 

£p(-)(// A ) : = ^</W) (^y^) dx 


is finite for some A > 0, where 


r t p 

if p G (0, oo), 

(j) p {t) := i 0 

if p = oo and t G [0,1], 

1 oo 

if p = oo and t G (1, oo 


It is known that g p (.) defines a semimodular (on the vector space consisting of all 
measurable functions on M n which are finite a.e.), and that L p (.) becomes a quasi-Banach 
space with respect to the quasi-norm 

\\f\ L p(-)\\ ■= inf {A > 0 : 0 p( .) (//A) < 1} . 

This functional defines a norm when p~ > 1. If p(x) = p is constant, then L p p) = L p is 
the classical Lebesgue space. 

It is worth noting that L p ^ has the lattice property and that the assertions / G L p (.) 
and ||/ | L p (.)|| < oo are equivalent for any (complex or extended real-valued) measurable 
function / (assuming the usual convention inf 0 = oo). The fundamental properties 
of the spaces L p (.), at least in the case p~ > 1, can be found in |35j and in the recent 
monographs da. Da- The definition above of L p ^ using the semimodular q p ^ is taken 
from m- 

For any p G T^Ik 1 ) we have 


11/1 ipo 


I/I’Teo 

r 


r G (0, oo), 


and 

11/ + 9 I L p(-)\\ < max {l, 2^ _1 | (||/ | L pi) \\ + \\g \ L p{ .)||) . 

An useful property (that we shall call the unit ball property ) is that p p {-){f) < 1 if and 
only if WflL^W < 1 ( [141 Lemma 3.2.4]). An interesting variant of this is the following 
estimate 

(2-1) min | e P {-)(fW, e P {-)(f)^} < \\f\ L P (-)\\ < max | QptfifW, Optfif) 1 *} 


for p G V(JBL n ) with p~ < oo, and Q p (.){f ) > 0 or p + < oo. It is proved in [14], Lemma 3.2.5] 
for the case p~ > 1, but it is not hard to check that this property remains valid in the 
case p~ < 1. This property is clear for constant exponents due to the obvious relation 
between the quasi-norm and the semimodular in that case. 
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For variable exponents, Holder’s inequality holds in the form 


||/ 9 |L 1 ||<2||/|i rH |||| 9 |V(.) 


for p G ’P(M n ) with p >1, where p' denotes the conjugate exponent of p defined 
pointwisely by ^ ^ = 1, x eR n . 

From the spaces L p ^ we can also define variable exponent Sobolev spaces W k,p ^ in the 
usual way (see na, ns and the references therein). 

In general we need to assume some regularity on the exponents in order to develop 
a consistent theory of variable function spaces. We recall here some classes which are 
nowadays standard in this setting. 

We say that a continuous function g : R" —> R is locally log -Holder continuous , 
abbreviated g G C\°^, if there exists Ci og > 0 such that 


\g(x)-g(y)\ < 


_ C Iog 

log(e + l/\x 


y I) 


for all x, y G R n . The function g is said to be globally log-Holder continuous, abbreviated 
g g £7 lo g ; if if is locally log-Holder continuous and there exists g^ G R and C\ og > 0 such 
that 


- S'ool < 


a 


log(e + |x|) 


for all x G R n . The notation 'P log (R n ) is used for those variable exponents p G V(JS, n ) 
with ^ G C 10 ®. We shall write ci os (g) when we need to use explicitly the constant involved 

in the local log-H5lder continuity of g. Note that all (exponent) functions in Cj'° g are 
bounded. 

As regards the (quasi)norm of characteristic functions on cubes Q (or balls) in R n , for 
exponents p G 7 ?log (R n ) we have 


(2.2) || XQ l^p(-)ll ~ \Q\^ if \Q\ < 1 and x G Q, 


and 

II Xq \L p (.)\\ ~ |Q|^ if |Q| > 1 


(see m Corollary 4.5.9]), using the shortcut j- for (^) OC} - 


2.2. Variable exponent mixed sequence spaces. To deal with variable exponent 
Besov and Triebel-Lizorkin scales we need to consider appropriate mixed sequences 
spaces. For p,q G "P(R n ) the mixed Lebesgue-sequence space L p ^(£ t? (.)) ([IS]) can be 
easily dehned through the quasi-norm 

(2-3) ((/„)„ |L rH (< j( .))|| := ||||(/„W)„|<’, W IIIA(-)II 

on sequences (fv)veN 0 of complex or extended real-valued measurable functions on R n . 
This is a norm if min{p - ,g”} > 1. Note that £ q t x ) is a standard discrete Lebesgue space 
(for each x G R n ), and that (12.31) is well defined since q(x) does not depend on v and the 
function x —>■ || (f v {x))v \^q(x)\\ is always measurable when q G P(R n ). 

The “opposite” case £ q ^(L p ^) is not so easy to handle. For G P(R n ), the mixed 
sequence-Lebesgue space £ g ^(L p ^) consists of all sequences (f v )ueN 0 °f (complex or ex¬ 
tended real-valued) measurable functions (on W 1 ) such that < oo for 
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some /i > 0, where 

(2.4) ^.j) ((/„)*) := X/ nf {^ > 0 : < !}• 

V 

Note that if q + < oo then (12.41) equals the more simple form 

(2.5) »V)(^. ) )((/-W=E||l/-l sH l £ |g|- 

V 

The space £ q ^(L p ^.)) was introduced in [31 Definition 3.1] within the framework of the so 
called semimodular spaces. It is known ([3]) that 

II (fu)u \£ q (.){ L p(.))\\ ■= inf {^ > 0 : £/,(.)(£,(.))(-(/.W < X } 

defines a quasi-norm in £ q ^(L p ^) for every p,q G P(R n ) and that || • \£ q ^.)(L p ^)\\ is a 
norm when q > 1 is constant and p~ > 1, or when _|_ _L_ < \ f or a p x G M n . More 
recently, it was shown in [3l] that it also becomes a norm if 1 < q(x) < p(x) < oo. 
Contrarily to the situation when q is constant, the expression above is not necessarily a 
norm when min{p - , q~} > 1 (see [34] for an example showing that the triangle inequality 
may fail in this case). 

It is worth noting that £ q ^(L p ^) is a really iterated space when q G (0, oo] is constant 
(0 Proposition 3.3]), with 

(2.6) II (/„),. K,(£„(.))|| = |((IIL IC(-)II) J4ll- 

We note also that the values of q have no influence on ||(/ 1/ ) I/ |^(.)(L p (.))|| when we consider 
sequences having just one non-zero entry. In fact, as in the constant exponent case, we 
have || f?q(.)(Tp(.))|| = \\f \ L P (.)\\ whenever there exists u 0 G N 0 such that f UQ = / and 
f v = 0 for all v ^ u 0 (cf. [31 Example 3.4]). 

Simple calculations show that given any sequence ( f u ) v of measurable functions, Hnite- 
ness of \\(U)u I4(.)(T P( .))|| implies (f u ) v G £ q ^(L p ^), which in turn implies f v G L p (.) for 
each v G N 0 . Moreover, 

II (fu)u I4(-)( L p(-))II < 1 if and onl y if 0e g( .)(L p( .))((fv)i') < 1 (unit ball property) 
(see 0 ). 

We notice that both mixed sequence spaces L p ^(£ q ^) and £ q ^(L p ^) satisfy the lattice 
property. 

The next lemma can be proved following the arguments used in the proof of Theo¬ 
rem 6.1 (i),(iii) in [3]- 

Lemma 2.1. Let p, q, q 0 , q 1 G V(R n ). If qo < q\ then we have 

Lp(-)(^q o(-)) ^ L p (.)(£q l(-)) an d ^<?o(')(-^p(-)) ^ £qi (•)(^ / p(-))‘ 

Moreover, ifp + ,q + < oo then it also holds 

£mm{p(-),q(-)}{Lp(-)) Lp(.)(£ q (.)) £max{p(-),q(-)}(Lp(-)) ■ 

We notice that the Hardy-Littlewood maximal operator is not, in general, a good tool 
in the spaces L p ^(£ q ^) and £ q ^{L p ^.f). Indeed, as observed in [3] and [15] , such operator is 
not bounded in these spaces when q is non-constant. A way of overcoming this difficulty is 
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to use convolution inequalities involving radially decreasing kernels, namely the so-called 
17 - functions having the form 

cpnv 

:= (1 + 2 ,| x | )r , 

with v G hf 0 and R > 0. Note that r) v ji G Lx when R > n and that \\r] VtR \Li\\ depends 
only on n and R. 

Lemma 2.2. Let p,q G V l ° e (M. n ) and (f u ) u be a sequence of non-negative measurable 
functions on R n . 

(i) If 1 < p~ < p + < 00 and 1 < q~ < q + < 00 , then for R > n there holds 

\\(Vu,R * fv)u\L p (.)(£ q (.)) || < ||(/,),|L K .)(^(.))||. 

(ii) Ifp~ > 1 and R > n + Ci og (l/g ) 7 then 

|| (Vu,R*fu)u K(-) ( L P(-)) II ~ \\{U)v \tq(-)(Lp(.))\\- 

The convolution inequality in (i) above was given in m Theorem 3.2], while the 
satement (ii) was established in [3] Lemma 4.7] and J33, Lemma 10]. 

2.3. Admissible weights. 

Definition 2.3. Let 0 , 01,02 £ ® with o > 0 and 01 < 02 . We say that a sequence of 
positive measurable functions w = ( wf)j belongs to class W“ a if 

(i) there exists c > 0 such that 

0 < Wj(x) < cwj(y) (l + 2 J |a: — y\)° 

for all j G N 0 and x, y G M n ; 

(ii) there holds 

2 ai Wj(x ) < Wj + i(x) < 2 " 2 Wj(x) 
for all j G No and iGR". 

A sequence according to the definition above is called an admissible weight sequence. 
When we write w G W“ Q2 without any restrictions then o > 0 and 01,02 G R (with 
Oi < 02 ) are arbitrary but fixed numbers. Some useful properties of class W“ a2 may be 
found in pH! Remark 2.4], 

Example 2.4. A fundamental example of an admissible weight sequence w is that formed 
by the 2 -microlocal weights 

Wj(x) = 2 js (l + 2 j d(x, U)) s ' 

where s, s' G R and d(x, U) is the distance of x G R n from the (hxed) subset U C R n . 
In this case we have w G s n max r 0 3 iy The particular case U = {x 0 } (for a given 

point Xo G R n ), corresponds to the typical weights 

(2.7) Wj(x) = 2 js (l + 2 j \x - x 0 |) s '. 

Example 2.5. If s : R n —> R is in class C) 1 ))®, then the weight sequence given by 

Wj{x) = 2 js{ - x) 

is in class W^!f s s + . This follows from the estimate 

2 Js(x) rij ! 2R(x -y)< 2 Js(y \y tR (x - y), x, y G R n , j G N 0 , 
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which holds for R > ci og (s) (see [33i Lemma 19] as a variant of [ T5l Lemma 6.1]). 
Example 2.6. Let (<Jj)j be a sequence of nonnegative real numbers satisfying 

d\(T 3 < a j+1 < d 2 (Jj, j G N 0 , 

for some d±, d 2 > 0 independent of j. If we define the (constant) sequence w by 

Wj{x)=(Tj, J 6 N 0 , 
then we see that w G W£g 2dlilog2da . 

Example 2.7. Let p(x) be an admissible weight function, that means 
o <p{x) <p{y){l + \x-y\ 2 )i, xeR n (/3 > 0). 

Taking Wj (x) = 2 3S p(x) (s G M) we obtain an admissible sequence belonging to class 

vC 

2.4. 2-microlocal spaces with variable integrability. We say that a pair (<p, <E>) of 
functions in S is admissible if 

• supp dp C {( G I" : \ < |£| < 2} and |<p(£)| > c > 0 when | < |£| < 

• suppl> C {( G K" : |£| < 2} and |$(£)| > c > 0 when |£| < |. 

Set ipj := 2 jn ip(2 j -) for j G N and <p 0 := d>. Then cfj G S and 

supp (pj C {( G M" : 2 j ~ 1 < |£| < 2 j+1 } , j G N. 

Such a system { p 3 } is also said admissible. 

Now we are ready to recall the Fourier analytical approach to function spaces of Besov 
and Triebel-Lizorkin type. 

Definition 2.8. Let w = (Wj)j G W“ liCf2 and p,qE V(R n ). 

(i) Dp’.j is the set of all f E S' such that 

(2.8) lim”), 5 (.)ll : = l|( TO jfe*/))jl V)(A())|I < 00. 

(ii) Restricting to p + , q + < oo, F™ } is the set of all f G S' such that 

(2-9) 11/ lq”,, 3( .,ll := ||Kfe * f))i I C(.)(4(-))|| < oo- 

The sets and q ^ become quasi-normed spaces equipped with the quasi¬ 

norms (12.81) and (1 2.9 p . respectively. As in the constant exponent case, they agree when 
p = q, he, f$. )ip(0 = i^. )iP( . ); 

In the sequel we shall write q ^ for short when there is no need to distinguish 
between Besov and Triebel-Lizorkin spaces. 

Example 2.9 (2-microlocal spaces). A fundamental example of 2-microlocal spaces (from 
which the terminology seem to come from) are the spaces constructed from the special 
weight sequence given by (12.71) . Such spaces have been considered by Peetre [48] , Bony 
[8], Jaffard and Meyer [28], [29] . The latter authors have used, in particular, the spaces 
Hx’o = ^22 an d Cff = 5™ ^ in connection with the study of regularity properties of 
functions using wavelet tools. 

Example 2.10 (variable smoothness). If Wj(x) = 2 3s( -- x ) with s G then q( ) = 

s (\ s r.\ 

B p \.) q (.) and Ffi) q (.) — A p (.) f y.) are the scales of spaces with variable smoothness and 
integrability introduced in |3j and m, respectively. 
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Example 2.11 (generalized smoothness). When w = {of)j is a sequence as in Example 
12.61 then = AW , ^ are spaces of generalized smoothness. For constant exponents 

p,q a systematic study of such spaces was carried out by Farkas and Leopold na (even 
considering more general partitions of unity in their definitions), see also the study by 
Moura in 03- Spaces of generalized smoothness (and constant integrability) have been 
introduced by Goldman [22] and Kalyabin and Lizorkin [3D], We note that such type of 
function spaces were also considered in the context of interpolation in [ 1 G 1 144] . 

Example 2.12 (weighted spaces). If Wj(x) = 2 i s p(x) as in Example 12.71 then we get 
weighted function spaces (see |T71 Chapter 4] and [27| for constant p and q ). 

For simplicity we will omit the reference to the admissible pair (ip, $) used to define 
the quasi-norms (12.811 and (12.911 . As we will see below, we shall obtain the same sets 
1 and F™, ^ for different choices of such pairs, at least when p and q satisfy some 
regularity assumptions (see Corollary 13.21) . 


3. Maximal functions characterization 


Given a > 0, / G S' and ('ifj)j C S , the Peetre maximal functions are defined as 
(q/)» := sup , I. , jeN„. 


yeR r 


It is well known that these functions constitute an important tool in the study of prop¬ 
erties of several classical functions spaces starting with getting equivalent quasi-norms. 
For Besov spaces with variable smoothness and integrability this topic was studied in [16] 
using modified versions of the Peetre maximal functions above. The characterization via 
maximal functions was extended to the general setting of the spaces A™^ in papers 
[ 32 , Corollary 4.7] (in the F case) and [33[ Theorem 6 ] (in the B case). 

The next statement integrates both cases and makes a critical improvement to the 
corresponding results from those papers (see explanations below). 


Theorem 3.1. Let w G W“ Q2 and L G No with L > a 2 . Let also 6 5 be such that 

(3.1) |^(0I >0 on {£ G K n : |£| < he}, 


(3.2) |^(0I >0 on {eeM n :|<|e| < fee}, 
for some k g]1 , 2] and e > 0, and 

(3.3) D' r, ip( 0) = 0 for 0 < |q| < L. 

Define 

ip 0 := 'L and ipj := 2 jn if(2 j ■), j G N. 

(i) If p,q G V log (M . n ) and a > a + + C\ og {l/q), then 

ll/l B ”-).,(-)ll “ l|(<“jWj*/))jK«o( t p(-))|| “ ||C(q/)J, 6 4o(A()) 

for all f E S'. 

If p,q G F log (R n ) with max{p + , q + } < oo, and a > a + min { p n - q -y , then 

11 / \ F %.), q (.)\\ ~ IlK/V'i * f))j I £p(-)(V)) 11 ~ I L A-)(4C) 

for all f G S'. 


ii 
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Instead of (13.ID . (13.21) what usually one finds in the literature (see, e.g. |5(J[ (1)], [56) 
(2.17)], (32] (4),(5)], [331 ( 8 ),(9)], [39) (3.6)]) reads, in our notation, respectively 

1^(01 > 0 on {£ e M n : |£| < 2s}, 

1^(01 > 0 on {£eM”:§<|£|< 2 £ }. 

That is, apart from having here strict inequalities (which is a minor detail), only the case 
k = 2 is usually considered. This is not a problem in itself, but, depending on what has 
already been proved and how the B and F spaces are originally defined, one might end 
up claiming results which are not really proved. The problem we are about to mention 
does not arise in the classical case with constant exponents because the independence of 
the spaces from the dyadic resolution of unity taken as in [53, Definition 2.3.1] has been 
proved (see, e.g. p)3i Theorem 2.3.2]) independently of the classical counterpart of our 
Theorem 13.11 land with k = 2), and therefore we can use a particular dyadic resolution of 
unity which fits in the hypothesis of the latter theorem in order to expand the universe of 
systems {<Pj} which can be used in the definition of the B and F spaces without changing 
them. A summary of what we can get in this way in the classical situation, including 
historical remarks, can be seen in [541. Section 1.3] (see, in particular, Theorem 1.7 there 
for the counterpart of our Theorem 13.11 with k = 2). 

However, in [32] and [33], in a setting of variable exponents, though a theorem like 
Theorem 13.11 (with k = 2) is stated, what is actually proved is that the definition of the 
spaces is independent of the dyadic resolutions of unity producing systems which satisfy 
the hypotheses of the theorem for some e > 0 (and k = 2 ). Since not all dyadic resolutions 
of unity considered in those papers produce systems with such characteristics (not even 
if we allow k to vary in ] 1 , 2 ]), that claimed independence was not completely proved. 

Our point of view for the definition of the spaces is different, using in it a system 
{p>j} built from a so-called admissible pair as defined in the beginning of Subsection 12.41 
Even so, the problem of sticking to k = 2 in (13.11) . (13.21) is that not all admissible 
pairs produce systems satisfying such conditions, and therefore, taking into account the 
approach followed in the proof, the independence of the space from such admissible pairs 
would not be guaranteed. On the other hand, it is easy to see that any admissible 
pair forms systems satisfying (13. ip . (13.21) with e — | and k — y§. Since (13.31) is also 
trivially satisfied, the claimed independence is in fact proved. In some sense this is 
already implicit in the statements given in the theorem, but we would like to stress it as 
a separate important conclusion: 

Corollary 3.2. Let w e W“ ia2 and p,q e D log (M n ) (with max{p + ,g + } < oo in the 
F-case). Then the spaces B™^ ^^ and Ffi’^ are independent of the admissible pair 
(ip, <h) taken in its definition, in the sense that different such pairs produce equivalent 
quasi-norms in the corresponding spaces. 

The approach to Besov and Triebel-Lizorkin spaces that we are taking is also common 
in the literature - see, e.g. [ 2 D 1 I 2 U in the case of constant exponents, and ca and [3] in 
the case of spaces with variable smoothness and integrability. The independence of the 
variable Triebel-Lizorkin spaces from the particular admissible pair taken was proved in 
|15] (under convenient restrictions on the exponents) with the help of the so-called tp- 
transform, identifying F^ q ^ with a subspace of a suitable sequence space, following the 
approach taken in the constant exponent situation in [ 21 ] . In [3] ( see also [4) Remark 1.2] 
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for a correction) the corresponding independence result for B s pq ^ was only settled for 
a subfamily of admissible pairs. 

As pointed out above, in the present paper we give a positive answer to the question of 
the definition of the general 2 -microlocal spaces q ^ and q ^ being independent 
of the particular admissible pair taken. Surely there are dyadic resolutions of unity which 
produce systems which satisfy the conditions of Theorem 13.11 and so it is also clear that 
they give rise to the same 2-microlocal spaces with variable exponents. We are not aware, 
however, of results showing that, in the variable setting, any dyadic resolution of unity 
as in [531, Definition 2.3.1] will give the same outcome. 

Notice that Theorem 13.11 not only free us to be tied to a specific admissible pair, but 
also ensures that more general pairs can indeed be used to define the spaces instead of 
the admissible ones, namely pairs ( 0 , T) satisfying the requirements of the theorem. 

From Theorem 13. II we can also derive a characterization of the spaces ^ q ^ in terms 
of the so-called local means (cf. [331 Corollary 4.8] and [ 331 Corollary 1]), which are 
defined by 

k(t,f)(x) := (f(x + t-),k) xeR n , t> 0, 

for a C°° function k on R n supported in B( 0,1) and / £ S'. 

Corollary 3.3. Let k 0 , k° be C°° functions such that 

suppfco, supp k° C -£>(0,1) and & 0 (0), k°( 0) ^ 0. 

Let also w £ W“ x a2 and N £ No be such that 2N > a 2 , and take k N := A N k° (the 
Laplacian of order N ofk°). Ifp, q £ F log (]R n ) ; then 

and 

( roj ^( 2 -i,/)). 6 N |L p( . ) (V))| 

for all f £ S' (with the additional restriction ma x{p + ,q + } < 00 in the F case). 

Theorem 13. II can be proved following the general structure of the proof done by Rychkov 
[50] in the classical case (see also |56) for some correction of the argument) overcoming 
the difficulties caused by the consideration of the general exponents. As we can see in 
[32] and [33], where the variable exponent case was treated, the proof involves various 
technical auxiliary results, for instance on the behavior of the Peetre maximal operators 
on variable mixed sequence spaces. Another key tool in this approach is a kind of discrete 
convolution inequality. A corresponding inequality within the framework of both variable 
mixed sequence spaces was pointed out in full generality in [33], but the arguments used 
there are unclear to us. 

It is not our aim to repeat here the arguments leading to the proof of Theorem 13.11 
but, due to the difficulty pointed out above, we shall give here a proof of the mentioned 
discrete convolution inequality (see Lemma 13.4k using completely different arguments. 
At the same time this will be an opportunity to exhibit the kind of difficulties that 
may appear when we are dealing with variable mixed sequence spaces, specially with 
£q(.)(L p (.)), when compared with the constant exponent situation. 


II/IL,T),,hII“IK*o( 1 ,/)ILhII + 


ll/|Bp”),,(.)ll“IK*:o(l,/)|i P Hll + 
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Lemma 3.4. Let p,q G V(R n ) and 6 > 0. For any sequence (gk)k of nonnegative 
measurable functions on consider 

OO 

(3.4) G v {x) := J2 2 ~ lk ~ v{5 9 k(x), xeR n , v G N 0 . 

k=0 


Then we have 


(3.5) ||(G„)„|I t< .,(<,(. ) )|| < l|fc)LC(.)(A))ll. 

and 

(3-6) ||(G f y) i , |£ ? (.)(L p (.))|| < \\(gv)v\V-q{-){L p ^)\\ 

Proof. Step 1 : The inequalities above need to be shown essentially for p, q > 1. In fact, 
if they hold in such case, then for arbitrary exponents p,q G V(R n ) we can always take 
r G (0, min{l,p _ , q~}) and proceed as follows: 



(<^|4a(%i) 

< 





k> 0 

< 

r^j 

(dk)k (-bpGi) 

r r 

— ||(<7fc)fc Kqr(-)(-£'p(-))||- 


The argument works in the same way for the other inequality. 

Step 2: We prove (13.51) for p, q > 1. 

For any s G [1, oo] and S > 0, from Minkowski’s inequality we can show that 



< 


1-2 


—S 


|| (Ofc)fc> 0 Ks 


for every sequence (ak)k >o of nonnegative numbers. So for each x G R n we get 


|(^t)^>o K?0e)|| — y _ 2 ~s || (9k{ x ))k>0 \^q(x) | 


Taking the L p (.)-norm in both sides and using the lattice property of L p ^, we get inequal¬ 
ity 03.51) . 

Step 3\ We prove 03.61) for p, q > 1 and q + < oo. 

Suppose that |||£ q (.)(Tp(.))|| < oo (otherwise there is nothing to prove). We want to 
show that there exists a constant c > 0 such that 


I \{G v )v \U-)(L P M < c\\{g v ) v |4(.)(L p( .))|| f =: c/i 


(where t > 0 is a certain fixed number that is chosen below in a convenient way). This is 
equivalent to show that, for p > 0, 


(G v ) u 

{cp) l F 


|bj(-)(Tp(.)) 


< 1 , 


that is (by the unit ball property), 


( iG v ) v \ 

\(cpyT J 


2f-q{.) (L p (.)) 


< 1 , 
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which we shall do next. Take t = min{l, (p/q) }. Using (12.5ft we have 



For each x G M” and v G No, from Holder’s inequality (with the convention gj = 0 for 
j < 0) we get 


\g„+,(x)\‘< 

l>—v 



Klf tg'(x) 



J22~ ]l ^ tq(x) \gv+i(x)\ tq{x) 


l 



(with the usual modification when q'(x) = oo). Using this pointwise estimate, letting 
c = Ci • C 2 with Ci := ^ and C 2 > 1, and applying Minkowski’s inequality twice, 

we derive 


%.)(U(.)) ^(c^i/i j 


(a). ^ < 


E (E c 2 12 

v>0 \ «GZ 


t\ 9(0 


< E c 2 12 |z|ft (E 

ZgZ \ u>0 


V i l 

V h 


\L p(-) 
tq(-) 


L p(-) 
tq(-) 


l/t 


1 /F 


Choosing C 2 = Ci as above (and consequently yjc = Yli&z 2 ^ 2 ^ we obtain 


^U()(U()) i ( r ^i/t J — / -/ 


fc >0 


*?(-) 


MU' , L „. 


h v V 


p(-) 


l/t 




where the last inequality follows from the hypothesis that the corresponding quasi-norm 
is less than or equal to 1 (recall the definition of /1 above). 

Step 4- We prove (13.611 for any p,q > 1 (including the case q + = 00 ). 

Let us assume that \\(g^)y \£ q ^.)(L p ^)\\ < 00 . Again by the unit ball property, (13.6ft will 
follow from the inequality 


(3.7) 


£k 3 (.)(L P (.)) 



< 1 , 


where g = | \(g u )v Kg(-)(-^p(-))ll > 0 an d c > 0 is a constant independent of fi. Let us then 
prove (13.7ft . 
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Under the convention gj = 0 for j < 0, we get 

(G») 


^U(-) Up(-)) 


eg 


^ inf < A y > 0 : 0 P (O I 
v >0 l \ 

inf < Ay > 0 : 

v>0 l 


G„ 


cgXl /q{ - ] 


cpAl«-> 


< 1 


< 1 


(3.8) 


< inf > 0 : c- 1 ^ 2~ |i|5 

v>0 l IGZ 


9v+i 


i, \ 1/q G \ Lp{ ' ] 

g 

after using Minkowski’s inequality in the last step of this chain. Let us define 

9u+i 


< 1 


:= inf < A > 0 : c' 1 c(<5)2- | 'l 5/2 


gX^M-) |Lp ° 


E 1 / , v G No, I 6 Z, 


with c(<5) := 2 _ l z l a / 2 . We claim that, for each v e N 0 , the sum * s n °t 

smaller than the inhmum in (13.81) . To prove this we can obviously assume that this sum 
is finite. For any £ > 0 we have 




c c( 8)2 


9v+i 


g(I v , l + e2-\ l \y/M ]Lp{ - ] 


< L 


so 


c 1 c 


ME 2 


-m 


9v+i 


g(Iu,i + £ 2 -WyM-) ]Lp G 


^ y ^ 2 _ i z i' 5 / 2 




Recalling the dehnition of c(<5), we also obtain 


"E 2 

ZgZ 


-|i|« 


9u+i 


h ( Ylk&i^X + £ 2 


1 MO 


< L 


and hence 


inf | A > 0 : c ” 1 ^ 2 ~ l¥ 

l ZgZ 


fiC+i I r 

jiA® 1 p ° 


— 1 i — ^ v ’ k ^ £ ^ 

J fcgZ fcgZ 


Since the second series on the right-hand side converges and £ > 0 is arbitrary, we get 
the desired estimate. Now using it in (13.81) and making a convenient change of variables 
(choosing the constant c > c(8) and noting that q > 1 ), we have 

\G V \ 


£?U(.)(ip(.)) 


c g 


—|fc|<5/2 


S EE inf | A > 0 : c 1 c(8)2 

u>0 fcgZ 

< XlS c ” lc ( (5 )2~ |fc|<5/2 inf \ a > 0 : 

v>0 fceZ ' 

= ^ c~ 1 c{8)2~^ 5 G ^ inf |cr > 0 : 

/cEZ ^>0 ^ 

< ^ c - 1 c(5)2 - |fc|5/2 


9u+k |j 
g W ^ 


9v+k 


g a 

9v+k 


1/9(0 


g a 


1/9(0 |Lp( ' } 


< 1 


< 1 


< 1 


Ptq()( L P (•)) 




< 1 
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with the choice c = c(5) 2 , taking into account our definition of p. □ 

Remark 3.5. Of course we could have omitted Step 3 in the proof above since the argu¬ 
ments in Step 4 work in fact for arbitrary exponents q. Nevertheless, giving a presentation 
of a separate proof for bounded exponents q we want to stress that this case is more in¬ 
tuitive and closer to the constant exponent situation. 


4. Lifting property 

Given <r € M, the lifting operator I a is defined by 

I<jf [(l + I ■ | 2 ) ct/2 /] V , feS'. 

ft is well known that I a is a linear one-to-one mapping of S' onto itself and that its 
restriction to S is also a one-to-one mapping of S onto itself. 

The next proposition gives a lifting property for the 2-microlocal spaces of variable 
integrability. 

Theorem 4.1. Let w £ Q2 and p,q £ 'P log (R n ) (ma: x{p + ,q + } < oo in the F case). 
Then I a maps isomorphically onto A^^y where (-a)w := (2 

Moreover, | \l a ■ defines an equivalent quasi-norm in A™^ q ^. 

Proof. For a £ R and w £ W “ 1>Q2 we have ( —a)w £ W" 1 _ 0 . o , 2 _ CT . 

Let {( pj } be an admissible system. Consider an auxiliary system {0 k } C S such that 

@o(x) = 1 if |x| < 1 , supp @o C {x £ M n : \x\ < 2 } 

and 


where 

Then we have 


Y, ©fc(x) = 1, \/x £ M n , 

k =0 

0fe(x) = 0o(2” fc x) — 0o(2 _A:+1 x) , k £ N, x £ 


supp 0fc C {x £ M” : 2 k ~ 1 < |x| < 2 k+1 } , k £ N. 


With the understanding that @_i = 0, by straightforward calculations we get, for j £ No, 
x £ M" and / £ S ', 

l 


( 2 tt)- 

^ (^/)> 




(i + H 2 ) 2 / )(®) 


(! + I • I 2 ) 2 Y ©i+fc(-)l * Tj * f ) (®) 


fc=-i 


(?/) 


(1 + | 2 J i/| a ) dj/ 


(!+1 • h) 2 yy 

fe=-i 

where a > 0 is arbitrary. We need to control the integral above, which is, up to a 
multiplicative constant, dominated by 


dy. 


f 

’(! + 


y /2 e j+ *(-)‘ 

\y) (1 + |2^|“+"+ 1 ) 

/R" 

1 + \2iy\ n+1 


E 

k =-1 

Taking into account the pointwise inequality 






12 W 2 


CT ~hl 


) <T/ < ^ lU \A 2 \~ 
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and choosing a > 0 in the form 

(4.2) a — 21 — n — 1, 


for l G N large enough, we can show that the previous sum can be estimated from above 
by a constant times 2- ?CT . Hence we get 


(4.3) 


(fi* (i +1 • IT /2 / )w s Ly) a M 


with the implicit constant not depending on x G K n , j G No, / G S'. If we choose such 
a > 0 satisfying a > a + + Ci og (l/g), from the lattice property of the mixed 

sequence spaces and Theorem 18.11 we get 


(4.4) 


Bf I B 


(-cr)w 

p(-)M-) 


< 


( W j(<Pjf)Jj( X ) IU)( L P(-)) ~ ||/ 


TDW 

^p(0,9(01 


In the F case we can proceed exactly in the same way. Therefore I a is a continuous 
operator from ^^ into Its inverse operator, I^ a , is also continuous from 


A (-a)w 


into ^p(.) i9 (.)- Indeed, 




^ 9 1 <£5" 


< 


y I p(-),q(-) 


so that / = T-o-g G A™ ( ) if g G A ( n( ^ v Since I a f = g, the previous inequality yields 




11/1 A” ),,( )ll = II'-„(/„/) l A” ,..oil ^ i-l I AAA 


Combining this with (j4.4j) and the corresponding estimate for the F space, we get the 
equivalence 


f\A 


w 

p(-),q( ■) 


I*f\A 


(—<j)w 

p(-)>q(-) 


□ 


Our result includes, in particular, the lifting property that was proved in [151 . Lemma 4.4] 
for the spaces F p ^j Our proof here is completely different and it is inspired by some 
arguments in the proof of Lemma 3.11]. We would like to stress that the bulk of 
the proof above is to show the pointwise estimate (14. 3 II . which has nothing to do with 
variable exponents, and then combine it with the characterization given in Theorem 13.11 


5. Embeddings 

Although we aim to work with function spaces independent of the starting system 
the log-Holder conditions are quite strong in the sense that some results work under much 
weaker assumptions. This is the case of the next two statements, where the conditions 
assumed over there are those actually needed in the proofs. The next embeddings should 
then be understood to hold when the same fixed system is used for the definition of all 
spaces involved. 

The next corollary follows immediately from the embeddings given in Lemma [2.11 

Corollary 5.1. Let p,q,q 0 ,qi G V(R n ) and we W“ lQ2 . 

(i) If qo < qi (and p + , g/, qf < oo when A = F), then 

A w c_v A w 

A p(.-),q o(-) ^ W(Tn(-)‘ 
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(ii) Ifp + ,q + < oo, then 


TDW ry TDW c _. TDW 

■^p(-),min{p(-),9(-)} ^ ^ ^p(-) ? max M-)^(-)}' 

In particular, S™. ) p( . ) = F^ ) p[ _ y 

To complete the picture at the basic embeddings level, we give one more result which 
generalizes various results that can be found in the literature for different types of function 
spaces. 


Proposition 5.2. Let w G W“ lia2 , v G Wp u/h , P,qo,qi e P(M n ) and ± := . 

If £ I q *(Loo) when A = B or . G Loo(4’) and p + ,qf,qf < oo when A = F, 
then 


(5.1) 

Proof. Since 


. s /!« 


4™ c_V 4 W 

A P(-)’1 o(0 ^ p(0,9o 


and ^ " 4 p(-).?i(-) 


by Corollary 15.11 it suffices to prove the claim for constant exponents qo, q 1 G (0, 00 ]. For 
simplicity, let us write g 0 and qi instead of qf and gj~, respectively. 

We consider only the case A = F; the other case can be proved in a similar way 
by using (12.611 (recall that here q is constant). Let {pj} be an admissible system. We 
consider first the case go < gi (so that q* = 00 ). Using the monotonicity of the discrete 
Lebesgue spaces, we derive 


ll/ILLJ 


( v j(Pj * f))j I 4i || I Lph) | 


< 

W( w j 1 v j )j\t 00 K 

(pj * f))j 14 i II1 - 4 >(o 


< 

\{ w j v j)j -^00(^00)|| 

\\(Wj{<Pj * f))j l 4 o 

L p (.) 

= 

| ( w j ^j)j 1 -^00(^00) || 

r | 77^ 

* 1 ^( 0.90 lr 



If go > gi then we have q* = when g 0 < 00 and q* = gi if go = 00 . Let g := ® > 1. 


The Holder’s inequality and the lattice property of the L p ^ space yield 

1/91 


91 


H / 1%.,,1 


SK-Sr Kfe*/) 


91 


-bp(-) 


0=0 


< 

< 


{iVj Vj)j | I qi q' || ||(Wj(<^j * f))j | Iq iq || | Lp(.) 


V j)j 14 


W j(Pj * f))j I 4o|| I 4 p(') 


= IKw- 1 ^,1^(40111|/1 ^T-), 

which completes the proof. 


go 1 


□ 


Remark 5.3. The main arguments used in the previous proof rely on m Proposi¬ 
tion 1.1.13] (see also JTD( p. 273]). The case A = B with constant exponents go, gi 
was studied in [03, Theorem 2.10] where the embedding qQ B^ qi was proved via 

atomic decompositions, under the assumptions (yTU < 1 for go < gi and (('4 < 2~F (for 
some e > 0) for arbitrary g 0 , gi G (0, 00 ]. Even in this particular situation, the hypothesis 
in [33], Theorem 2.10] is stronger than ours when g 0 > gi, since it implies (^ 7 ) G 4(-boo) 
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for any r G (0, oo]. Similar comments are valid to the corresponding result for the case 
A = F which was recently studied in [23l Theorem 2.11]. 


From the above proposition we immediately get the following embedding for spaces 
with generalized smoothness: 

A>(-),9o(-) ^ A>(-).gi(-) 

for admissible sequences a and r satisfying (crJ 1 Tj)j G l q *. For constant exponents 
p, g 0 , <Zi, this result is contained in |TU1 Theorem 3.7] and P Proposition 2.11] in the cases 
A = B and A = F, respectively. 

For function spaces of variable smoothness, with w = (2 3 ' so ^)j and v = (2 jsi ^)j, the 
embedding (15.11) can be written as 


A' 


so(-) 
p(')>9 o(-) 


-G A 


Sl(') 

p(-).9l (■)’ 


supposing ( 2 -h Si (k)-soO))^. G i q *[L 0c ) hi the case A — B, or (2^ Sl ^~ So ^)j e L 00 (£ g *) 
when A = F. It can be checked that both conditions are equivalent to the assumptions 
(so — si) - > 0 for q* = oo and (so — s i)“ > 0 for q* < oo. Notice that the condition 
(so — Si) - > 0 ensures that the embedding above holds indeed for any qo,qi G V(R n ). 
For B spaces, this later statement was shown in [3] Theorem 6.1(ii)]. When go < gi the 
assumption (so — Si) - > 0 can be seen as an improvement of [3] Theorem 6.1 (i)], since 
now the smoothness parameter may change. 


Theorem 5.4. Let w G W“ a2 and p,q G T )log (IR n ) (with max{p + ,g + } < oo in the F 
case). Then 

(5.2) S -A A -G S'. 

Proof. By Corollary 15.11 (ii) it is enough to show that S ‘-A y S'. We shall prove 

these embeddings using the lifting property. The proof of the embedding into S' will also 
require, in particular, the use of the maximal characterization given by Theorem 13.11 
Step 1: We show that S ‘-A B™^ q ^. If we take Vj(x) := 2 ^Wj(x), then (wjVj 1 ) = 
(2 ~^)j G l q -{L 0 o) so that Bf (> ^ < -A B™^ (by Proposition 15.21) . Hence it remains 
to show that S is continuously embedded into B^ )oo (for given w G Q2 and p G 
-p log (]gm)), ^hat j g ^ one nee q s s ] low that there exists N G N such that 

(5-3) sup || Wj{tpj * f ) | L p( .)|| < p N (f), 

j£N o 

for any / G S, where 

PnU) ■= sup (1 + lxl)^ \ DJ f( x )\- 

a:eRn | 7 |<JV 

By straightforward calculations we find that 

\<Pj * f( x )\ % (! + \x\)~ N PN(f), IGM", 

(with the implicit constant depending only on n, N and on the fixed system {(pj}). From 
the properties of the admissible weights, we also have 

w j( x )\pj* f{x)\<2 ja2 w o (0)(l + \x\) a ~ N p N (f), xeR 71 , j G N 0 , feS. 

Since (1 + | • |) a_Ar G L p (.) if (N — a)p~ > n, we get (15.31) as long as a 2 < 0 and 
N > a + n/p~. Nevertheless, the restriction on «2 can be overcome using the lifting 





18 


A. ALMEIDA AND A. CAETANO 


property in the following way: take cr > 0 large enough such that 0:2 — er < 0. The result 
then follows from the composition of continuous maps: 


S -^S 


id 


B { ~° )w 

Pi),00 


l-o 


-> B 


p(-),oo- 


Step 2: We prove the right-hand side in (15.21) . Once again (cf. Corollary 15.11 (i)) it 
suffices to show that the space B™^ ^ is embedded into S'. We want to prove that, for 
every 0 G S, there exists a constant c^> 0 such that 


(5-4) \(f,ii)\<c4f\B^J\, 

Let {Qj} be a system as in the proof of Theorem 14.11 and such that, moreover, @ 0 (:r) is 
radially strictly decreasing for |0 G [1, 2], Since for any / G S' the identity ^W > 0 Qjf — f 
holds in S', one has 

|(/,0)| < 5^|( 0 J 

j> 0 

Given j G No and m G Z n , let Qj m denote the closed dyadic cube with sides parallel 
to the coordinate axes, centered at 2 ~^m and with side length 2~K Observing that the 
collection {Qj m }mez, n forms a tessellation of M n for each j G N 0 , we get, for each JVgM, 
the estimate 


I(e, v */■</>)!< E 2 iw (l + Hr"(l + |2- i "*l)““ / \(Q]*f)(x)\dx, jeN„, /eS', 


m€S" 


Qj 


where we took advantage of the estimate 1 + \y\ & 1 + |2 J m| for y G Qj m . Since 
(1 + \2~^m\)~ a < w 0 (y) for y G Qj m (recall Definition 12.31 (i)). we also get 


|(©/ * /, -0>| 


< 


< 


< 


V 2 jJV (l + |m|) N inf w 0 (y) I |( 0 V * f)(x)\clx 

-JQjm 

Y 2 jJV (l + \m\)- N \Q jm \ inf {w 0 (y)(Q^*f) a (y)} 

ytz'acjm 

_ s- r 77n. J 


Y 2^-0(l + | m |)- JV |Q. m |- 1 A 

mGZ n 



[w 0 (x)(GY*f) 



1/r 


for any positive numbers r and a. Taking r < p , from Holder’s inequality with exponent 
p(-) \= p(-)/r we see that the last integral power is dominated by 

2l/ ' II M e r/),J I iff ) ll' 7 ' ll»m I A'OIO 

where Xjm denotes the characteristic function of the cube Qj m . Since p G V log (JBL n ), by 
( 12 . 21 ) we have 

II y- | II < IO • I l ~ r /p~ 

II Ajm \ || rsj | 

Using this above, we estimate 


(5.5) |(0J»/, V>}| <2- f<,T -” + ” /p ~ ) £ (1 + Iml)-" |Po(eJ7) J L r( ) 

mGZ n 


Taking a > a + n/p ,by Theorem 13.11 (now with 0j = Q) 7 ) we have the equivalence 
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But w o(x) < 2 jai Wj(x) for every j G No and x G M n , so that 

IK( e rh. I l p( )II 5 2-^11/ I Bjyj, Vj £ N„. 

Using this in (j5.5j) we get 

l<ey * +»/»-> ||/1 By. ) 0O || 

if we take N > n. Therefore inequality (15.41) follows if we are careful in choosing a > 0 
and n G N satisfying 

a > a + n/p~ and n < IV < aq + n — n/p~. 

Such a choice is always possible when oq > 1 + n/p~. If this is not the case, then we can 
choose a < 0 small enough such that ctr — a > 1 + n/p~. Then the result above can be 
applied to the space and from the lifting property we get the claim for the general 

case (similarly to what was done in Step 1). □ 

Remark 5.5. Step 2 of the proof above was inspired by the proof of [ 3 TI , Theorem 3.14], 
There is an alternative proof of embeddings (15.21) which takes advantage of Sobolev type 
embeddings for Besov spaces with constant q (cf. |BHl Theorem 2.11], [231 Theorem 2.13]). 
We refer to our paper [2] for the topic of Sobolev type embeddings in full generality. 

6. Fourier multipliers 

Fourier multipliers constitute an important tool from the point of view of applications 
to partial differential equations. By a Fourier multiplier for we mean a function 

(or a tempered distribution) m for which 

II(“/TIA”),,(-)IUII/IA”),,(-)II. /eA”>,»<->- 

If m is a C°° function such that it and all of its derivatives are at most of polynomial 
growth on M n (i.e., they are essentially dominated by powers of the type (1 + | • |) A/ with 
M > 0), then (m/) V makes sense for any / G S'. 

Our first result concerning Fourier multipliers (involving that class of functions) can 
be proved following the proof of Theorem 14.11 replacing (1 + |z | 2 ) CT / 2 by m(z ) and using 
the estimate 

\D 1 m{z)\ < ( sup (1 + \x\ 2 )^ \D y m(x)\] (1 + \z\ 2 )~ ^ 

instead of (14.11) . Hence the dependence on a over there should be replaced along the 
proof by 

11rrz|[ 2 i := sup sup (1 + |x| 2 )^“ \D' , m(x)\ , 

| 7 |< 2 Z zeR n 

where l G N satisfies now a + n + e = 21 for some e > 0 (playing the role of the 1 in (14.21) 1 
and a > a + m - n ^- , r ^ + c\ og (l/q). We leave the details to the reader. 

Theorem 6.1. Let w G Q2 and p,q G 'P log (M n ) (ma x{p + ,q + } < oo in the F case). 
Let l GN be such that 

Tl 

21 > cH—— + n + ci og (l/g) (in the B case) or 21 > a + min ^- +n (in the F case). 

Then there exists c > 0 such that 

||(m/) V |^ ( . )i9( .)|| <c\\m\\ 2l ||/ |^(. )) q ( . ) || 
for all m as considered before and all f G ( 
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The particular case Wj(x ) = 2 jS ( x \ corresponding to spaces with variable smoothness, 
was recently studied in [4j5|, but only bounded exponents were considered there (even in 
the B space). The proofs over there follow the arguments from [521 Theorem 2.3.7] where 
the constant exponent case is treated. 

Recalling the notation from Theorem 14.11 we get the following corollary: 


Corollary 6.2. Let w G W“ a2 and p,q G V log (M. n ) (with max{p + ,g + } < oo in the F 
case). For any 7 G IjJ the differentiation operator D 7 is continuous from TL^ 7 J' > ™) into 


Proof. Let m(x) := x 7 (l + |x| 2 ) - ^ with a G No- We can check that m and all of its deriva¬ 
tives are C°° functions of at most polynomial growth and, additionally, that if a > jy] 
then ||m||2z < 00 for all l G N. In particular we can take l large enough in order to apply 
Theorem 16.11 and conclude that the above m (with that choice of a) is a Fourier multiplier 
for every space ^ 


Consider now a = 


and let / G A^™^ (recall that (|y|)w; := By Theo- 

remOwe know that IJ G A< l7 J“g M = A™^ and that || IJ \ A™^ || » \\f | 

Thus we get 


dj\a 


w 

?(•).<?(•) 


= ||(W(-)) V I AW->II = ||M-)E?) V I AW-> 
< e|H| 2i ||/,,/|AW>ll » 11/1^(4,7)11. 


which proves the claim. 


□ 


Remark 6.3. As in [521 pp. 59-60], from which the argument above is taken, fixing aGN, 
for any 7 G Nq such that |y| < a, from Proposition 15.21 and the result above we see that 


D 1 f | A 


(-k)w 

p(-),q(-) 


< 


D 1 f | A 


(-|7l)*» 

/>(•)>?(•) 


< 


ll/I 


a; 


p(-)M-) I 


and consequently 


£ W’fiAdl 

hi<« 


< 

r\_/ 


ll/I 


4 W I 

WOW) I 


It can be shown that S is dense in Affy q ^ when p, q are bounded (and p,q G V log (M. n )). 
This statement was formulated in [23] Theorem 2.13] for the F case and in [43, Theo¬ 
rem 2.11] for the spaces q ^ for constant q only. The proofs mentioned over there rely 
on classical arguments from [52] (cf. proof of Theorem 2.3.3). However, we can show that 
the same result also holds for variable exponents q in the B case (when p + , q + < 00 and 
p, q G P log (M n )). Note that this corresponds to the usual restrictions p, q < 00 already 
known for constant exponents. 

In the paper [2] we give a complete proof of the denseness of S in A™^ q ^ by taking 
advantage of refined results on atomic decompositions. Thus, at least in the cases p + ,q + < 
00, we can then define Fourier multipliers by completion. 

Definition 6.4. Let w G W“ 1)Q , 2 and p,q G 'P log (M n ) with max{p + ,g + } < 00 . Then 
m G S' is said to be a Fourier multiplier for A™^ q ^ if 

||(m/) v IAW>ll ~ ll/IAW)H 


holds for all f G S. 
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Notice that this def ini tion is coherent with the interpretation made before when m E S' 
is, in particular, a C°° function with at most polynomial growth as well as all of its 
derivatives. 

Before stating the next result, we observe that there are functions A j E S, j E No, such 
that 

Ao(x) = 1 if |x| < 2 and Ao(x) = 0 if \x\ > 4, 

X(x) Xo(x) — Ao(8x), A j(x) = X(2~^x), j E N, x E M n , 

so that 

A j(x) = 1 if 2 J ~ 1 < |x| < 2 J+1 and A j(x) = 0 if |x| < 2 J ~ 2 or |x| > 2 J+2 

for j E N. 

Below we use the notation 


||m | /ig|| := ||A 0 m | Hf\\ + sup ||A(-) m(2 j -) \ Hf ||, 

jm 

where 

= {feS': ||/ | H%\\ = ||(1 + | • \ 2 ) K/2 f \L 2 \\ < oo} 

stands for the classical Bessel potential space, kGN. As usual, we write m E h% meaning 
that ||m | || < oo. 

Theorem 6.5. Let w E W“ x a2 and p,q E 7 ?log (M n ) with max{p + , q + } < oo. Let 

n n , n n , 

k > cH-1-hciogfl/g) (m the B case) or k > cH- - r -v + — (m the r case). 

p~ 2 mm{p _ ,g - } 2 

Then there exists c > 0 such that 


™/) v IA”u()IA< : ll™l'>;il 11/IV" ),„(.)! 


for all m E h% and f E 


Proof. It is enough to prove the claim for all / E S (and all m E hf). We try to adapt 
the proof of Theorem 14.11 to our present context, using now the functions A j instead of 
0 j over there. Let be an admissible system. Noting that A j = 1 on support of (pj 
and that (Aj(-)m) v is a entire analytic function of at most polynomial growth (by the 
Paley-Wiener-Schwartz theorem), for each j E No and x E M n , we have 


(2 tt )2 (<pj* (mf) V )(x) <{<p*jf) a (x) / (1 + |2 J i/| a ) |[A i (-)ur] V (//)| dy 


with a > 0. We need to control appropriately the integral above. After the change of 
variables given by 2 iy = z, an application of Schwarz’s inequality yields 


/ (1 + M°) |[Aj(-) m] v (2 _J z)| 2 ~ jn dz < 

J 

< Cl f {l + \z\ 2 )^ a+ ^ |[A,-(-)m(2h)] A (- z )| (l + \ z \)-^dz 

J i" 

c 2 ([ (1 + N 2 )“ + ^ \[A,(-)m( 2 >-)] A (z )\ 2 dz) ' 

\jR n J 


< 
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with C 2 > 0 depending only on a, n and £ (e > 0 at our disposal), where we used 
A j := Aj(2 J -) ; j £ No- By Plancherel’s theorem we further estimate the right-hand side 
of the inequality above by 


c 2 


A i (-)m(2 J - 


_|_n+£ 

Hi* ’ 


= C 2 


;(•) m( 2 - 7 -) | Hf II < c 2 ||m | A 


211 j 


by choosing £ > 0 such that 


n £ 

At — Ol +-h — 

2 


Yl -j- £ Tl £ 

— -h cio g (l/g) and a = a + — + - + ci og (l/g) 

z p z 


in the 5 case, or 
k = a + 


n 


£ n + £ 


and a = a + 


n 


+ 


min {p ,q } 2 2 min {p ,q }' 2 

in the F case, which is clearly possible by the assumption on k. Putting everything 
together, we obtain the estimate 

(fj * ( m /)( x ) ^ \\m | hZ || (<p*jf) a {x) , j G N 0 , x G M n , 

Therefore, the desired inequality follows from this, the lattice property of the mixed 
sequence spaces and Theorem 13.11 □ 


Similar results for the particular case w 3 (x) = 2- ?s ( 3: ) are given in [46], although our 
assumptions on k are better. Corresponding statements for classical spaces A s pq (then 
with even better assumptions on k) can be seen in [ 521 p. 117], [55 . Proposition 1.19], 
though with different restrictions. 

Since the Triebel-Lizorkin scale includes Bessel potential spaces, in particular we have 
the following Fourier multipliers result: 


Corollary 6.6. Let s G [0, 00) and p 6 T >log (!A) with 1 < p < p + < 00. If k > 
. J 1 —tt + %, then there exists c > 0 such that 

II (m/y | II < c ||m | h%\\ \\f \ £ s - p( ' ) || 

for all m G h% and f £ £. s,p A. 

In particular, for any fcgN 0 we have 

\\{mfY\W k ^\\ < c \\m | h%\\ \\f \W k ’ p ^\\ 

for all m £ and f £ W k,p<y '\ 


References 

[1] E. Acerbi and G. Mingione: Regularity results for a class of functionals with nonstandard growth, 
Arch. Ration. Mech. Anal. 156 (2001), no. 2, 121-140. 

[2] A. Almeida and A. Caetano: Atomic and molecular decompositions in variable exponent 2-microlocal 
spaces and applications, J. Fund. Anal. 270 (2016), no. 5, 1888-1921. 

[3] A. Almeida and P. Hastd: Besov spaces with variable smoothness and integrability, J. Fund. 
Anal. 258 (2010), no. 5, 1628-1655. 

[4] A. Almeida and P. Hasto: Interpolation in variable exponent spaces, Rev. Mat. Complut. 27 (2014), 
657-676. 

[5] A. Almeida and S. Samko: Characterization of Riesz and Bessel potentials on variable Lebesgue 
spaces, J. Function Spaces Appl. 4 (2006), no. 2, 113-144. 

[6] P. Andersson: Two-microlocal spaces, local norms and weighted spaces, PhD Thesis, 1997. 

[7] O. Besov: Equivalent normings of spaces of functions of variable smoothness, Proc. Steklov Inst. 
Math. 243 (2003), no. 4, 80-88. 














ON 2-MICROLOCAL SPACES WITH ALL EXPONENTS VARIABLE 


23 


[8] J.-M. Bony: Second microlocalization and propagation of singularities for semilinear hyperbolic 
equations, In: Taniguchi Syrnp. HERT, Katata, pp. 11-49, 1984. 

|9] A. Caetano and H.-G. Leopold: On generalized Besov and Triebel-Lizorkin spaces of regular distri¬ 
butions, J. Fund. Anal. 264 (2013), 2676-2703. 

[10] A. Caetano, W. Farkas: Local growth envelopes of Besov spaces of generalized smoothness, Z. Anal. 
Anwend. 25 (2006), 265-298. 

[11] Y. Chen, S. Levine and R. Rao: Variable exponent, linear growth functionals in image restoration, 
SIAM J. Appl. Math. 66 (2006), no. 4, 1383-1406. 

[12] D. Cruz-Uribe and A. Fiorenza: Variable Lebesgue Spaces, Birkliauser, Basel, 2013. 

[13] F. Cobos and L.D. Fernandez: Hardy-Sobolev spaces and Besov spaces with a function parameter. 
In: Proc. Lund Conf., 1986. Led. Notes Math., vol. 1302, pp. 158-170, Springer, 1986. 

[14] L. Diening, P. Harjulehto, P. Hasto and M. Ruzicka: Lebesgue and Sobolev Spaces with Variable 
Exponents, Lecture Notes in Mathematics, vol. 2017, Springer-Verlag, Berlin, 2011. 

[15] L. Diening, P. Hasto and S. Roudenko: Function spaces of variable smoothness and integrability, J. 
Fund. Anal. 256 (2009), no. 6, 1731-1768. 

[16] D. Drihem: Atomic decomposition of Besov spaces with variable smoothness and integrability, J. 
Math. Anal. Appl. 389 (2012), 15-31. 

[17] D. E. Edmunds and H. Triebel: Function Spaces, Entropy Numbers, Differential Operators, Cam¬ 
bridge Univ. Press, Cambridge, 1996. 

[18] X.-L. Fan: Global C 1,a regularity for variable exponent elliptic equations in divergence form, J. 
Differential Equations 235 (2007), no. 2, 397-417. 

[19] W. Farkas and H.-G. Leopold: Characterisations of function spaces of generalised smoothness, Ann. 
Mat. Pura Appl. 185 (2006), no. 1, 1-62. 

[20] M. Frazier and B. Jawerth: Decomposition of Besov spaces, Indiana Univ. Math. J. 34 (1985), 
777-799. 

[21] M. Frazier and B. Jawerth: A discrete transform and decompositions of distribution spaces, J. 
Fund. Anal. 93 (1990), 34-170. 

[22] M. Goldman: Description of the trace space for functions of a generalized Liouville class, Dokl. 
Akad. Nauk. SSSR 231 (1976), 525-528. 

[23] H. F. Gongalves, S. D. Moura and J. S. Neves: On trace spaces of 2-microlocal type spaces, J. Fund. 
Anal. 267 (2014), 3444-3468. 

[24] P. Gurka, P. Harjulehto and A. Nekvinda: Bessel potential spaces with variable exponent, Math. 
Inequal. Appl. 10 (2007), no. 3, 661-676. 

[25] P. Harjulehto, P. Hasto, V. Latvala, O. Toivanen: Gamma convergence for functionals related to 
image restoration, Appl. Math. Letters 26 (2013), 56-60. 

[26] P. Harjulehto, P. Hasto, U. Le and M. Nuortio: Overview of differential equations with non-standard 
growth, Nonlinear Anal. 72 (2010), no. 12, 4551-4574. 

[27] D. Haroske and H. Triebel: Wavelet bases and entropy numbers in weighted function spaces, Math. 
Nachr. 278 (2005), 108-132. 

[28] S. Jaffard: Pointwise smoothness, two-microlocalisation and wavelet coefficients, Publ. Math. 35 
(1991), 155-168. 

[29] S. Jaffard and Y. Meyer: Wavelet Methods for Pointwise Regularity and Local Oscillations of Func¬ 
tions, Memoirs of the AMS, Vol. 123 (1996). 

[30] G. Kalyabin and P.I. Lizorkin: Spaces of functions of generalized smoothness, Math. Nachr. 133 
(1987), 7-32. 

[31] H. Kempka: Generalized 2-microlocal Besov spaces, Ph.D. thesis, University of Jena, Germany, 2008. 

[32] H. Kempka: 2-microlocal Besov and Triebel-Lizorkin spaces of variable integrability, Rev. Mat. 
Complut. 22 (2009), no. 1, 227-251. 

[33] H. Kempka and J. Vybi'ral: Spaces of variable smoothness and integrability: Characterizations by 
local means and ball means of differences, J. Fourier Anal. Appl. 18 (2012), no. 4, 852-891. 

[34] H. Kempka and J. Vyblral: A note on the spaces of variable integrability and summability of Almeida 
and Hasto, Proc. Amer. Math. Soc. 141(9) (2013), 3207-3212. 

[35] O. Kovacik and J. Rakosm'k: On spaces L p ^ and W 1,p ( x \ Czechoslovak Math. J. 41(116) (1991), 
592-618. 


24 


A. ALMEIDA AND A. CAETANO 


[36] H.-G. Leopold: On Besov spaces of variable order of differentiation, Z. Anal. Anwendungen 8 (1989), 
no. 1, 69-82. 

[37] H.-G. Leopold: On function spaces of variable order of differentiation, Forum Math. 3 (1991), 633- 
644. 

[38] J. Levy Vehel and S. Seuret: A time domain characterization of 2-microlocal spaces, J. Fourier 
Anal Appl. 9 (2003), 473-495. 

[39] Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan: A new framework for generalized Besov-type 
and Triebel-Lizorkin-type spaces Diss. Math. 489 (2013), 114 p. 

[40] S. Liang and J. Zhang: Infinitely many small solutions for the p(x)-Laplacian operator with nonlinear 
boundary conditions, Ann. Mat. Pura Appl. 192 (2013), 1-16. 

[41] C. Merucci: Applications of interpolation with a function parameter to Lorentz Sobolev and Besov 
spaces, In: Proc. Lund Conf., 1983. Led. Notes Math., vol. 1070, pp. 183-201. Springer, 1983. 

[42] S. Moritoh and T. Yarnada: Two-microlocal Besov spaces and wavelets, Rev. Mat. Iberoam. 20 
(2004), 277-283. 

[43] S. D. Moura, J. S. Neves and C. Schneider: On trace spaces of 2-microlocal Besov spaces with 
variable integrability, Math. Nachr. 286 (2013), 1240-1254. 

[44] S. D. Moura, Function spaces of generalised smoothness, entropy numbers, applications, Ph.D. thesis, 
University of Coimbra (Portugal), 2001. 

[45] S. D. Moura: Function spaces of generalised smoothness, Diss. Math. 398 (2001), 1-87. 

[46] T. Noi: Fourier multiplier theorems for Besov and Triebel-Lizorkin spaces with variable exponents, 
Math. Inequal. Appl. 17 (2014), 49-74. 

[47] W. Orlicz: Uber konjugierte Exponentenfolgen, Studia Math. 3 (1931), 200-212. 

[48] J. Peetre: On spaces of Triebel-Lizorkin type, Ark. Math. 13 1975, 123-130. 

[49] M. Ruzicka: Eledrorheological fluids: modeling and mathematical theory , Lecture Notes in Mathe¬ 
matics, 1748, Springer-Verlag, Berlin, 2000. 

[50] V.S. Rychkov: On a theorem of Bui, Paluszynski and Taibleson, Proc. Steklov Inst. Math. 227 
(1999), 280-292. 

[51] J. Tiirola: Image decompositions using spaces of variable smoothness and integrability, SIAM J. 
Imaging Sci. 7 (2014), no. 3, 1558-1587. 

[52] H. Triebel: Theory of Function Spaces , Monographs in Mathematics 78, Birkhauser Verlag, Basel, 
1983. 

[53] H. Triebel: Theory of Function Spaces II, Monographs in Mathematics 84, Birkhauser Verlag, Basel, 
1992. 

[54] H. Triebel: Theory of Function Spaces III, Monographs in Mathematics 100, Birkhauser Verlag, 
Basel, 2006. 

[55] H. Triebel: Local function spaces, Heat and Navier-Stokes equations, EMS Tracts in Mathematics, 
Vol. 20, 2013. 

[56] T. Ullrich: Continuous characterizations of Besov-Lizorkin-Triebel spaces and new interpretations 
as coorbits, J. Fund. Spaces Appl. (2012), Article ID 163213, 47pp. 

[57] J.-S. Xu: Variable Besov and Triebel-Lizorkin spaces, Ann. Acad. Sci. Fenn. Math. 33 (2008), 
511-522. 

Center for R&D in Mathematics and Applications, Department of Mathematics, Uni¬ 
versity of Aveiro, 3810-193 Aveiro, Portugal 
E-mail address: jaralmeida@ua.pt 

Center for R&D in Mathematics and Applications, Department of Mathematics, Uni¬ 
versity of Aveiro, 3810-193 Aveiro, Portugal 
E-mail address: acaetano@ua.pt 


